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USPAS2009 COURSE ON 
 COLLECTIVE EFFECTS IN BEAM DYNAMICS 

FOR PARTICLE ACCELERATORS 

  Introduction (EM) & Introduction (GR) 
  Space charge (EM) 
  Envelope equations (EM) 

  Wake fields and impedances (EM) 
  Longitudinal beam dynamics (GR) 
  Transverse beam dynamics (EM) 
  Two-stream effects (GR) 

  Numerical modeling (GR) 
  HEADTAIL code (GR) 
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INTRODUCTION (1/35) 

PROGRAM OF THE WEEK 
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INTRODUCTION (2/35) 
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Example of the LHC p beam in the injector chain 

Linear accelerator 

Circular accelerator 

(Synchrotron) 

Transfer line 

Injection Ejection 

Duoplasmatron = Source => 90 keV (kinetic energy) 

LINAC2 = Linear accelerator => 50 MeV 

PSBooster = Proton Synchrotron Booster => 1.4 GeV 

PS = Proton Synchrotron => 25 GeV 

SPS = Super Proton Synchrotron => 450 GeV 

LHC = Large Hadron Collider => 7 TeV 
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INTRODUCTION (3/35) 

4 

SPS tunnel 

LHC tunnel TT2 transfer line tunnel 

PS tunnel 

Linac2 

PS Booster 

(after the wall) PS 
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INTRODUCTION (4/35) 

5 

Courtesy W. Herr 

High-
luminosity 
⇒ Higgs 

boson 

Ions ⇒ New phase of  
matter expected: Quark-Gluon 

Plasma (QGP) 

Beauty quark physics 

+ TOTEM  
⇒ Measure the total proton-proton cross-section and study 

elastic scattering and diffractive physics 

IP = Interaction Point 
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INTRODUCTION (5/35) 
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⇒ Vertical crossing angle in IP1 (ATLAS) and horizontal one in IP5 (CMS)  

COLLISION in IP1 (ATLAS) 
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INTRODUCTION (6/35) 
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  (2D) BEAM BRIGHTNESS 

Transverse emittances 

Beam current 

    MACHINE 
LUMINOSITY 

Number of events per second 
generated in the collisions 

Cross-section for the event 
under study 

  The Luminosity depends only on the beam parameters  
⇒ It is independent of the physical reaction 

[cm-2 s-1] 

  Reliable procedures to compute and measure 

FIGURE OF MERIT for a synchrotron / collider: Brightness / luminosity 
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INTRODUCTION (7/35) 
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⇒ For a Gaussian (round) beam distribution 

€ 

L =
Nb
2 M f0 γ
4 π εn β

* Fca

Number of particles 
per bunch 

Number of 
bunches per beam 

Revolution 
frequency 

Relativistic  
mass factor 

Normalized rms  
transverse beam 

emittance 
β-function at the 

collision point 

Geometric reduction  
factor due to the crossing angle 

at the IP 

  PEAK LUMINOSITY for ATLAS&CMS in the LHC =  
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INTRODUCTION (8/35) 

9 

Number of particles per bunch Nb 1.15 × 1011 

Number of bunches per beam M 2808 
Revolution frequency f0 11245 Hz 

Relativistic velocity factor ϒ 7461 (=> E = 7 TeV) 
β-function at the collision point β* 55 cm 

Normalised rms transverse beam emittance εn 3.75 × 10-4 cm 
Geometric reduction factor Fca 0.84 

Full crossing angle at the IP θc 285 µrad 

Rms bunch length σs 7.55 cm 
Transverse rms beam size at the IP σ* 16.7 µm 

€ 

Fca =1 / 1+
θc σ s

2σ *

 

 
 

 

 
 

2
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INTRODUCTION (9/35) 
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     INTEGRATED LUMINOSITY 

⇒ The real figure of merit = 

  LHC integrated Luminosity expected per year: [80-120] fb-1 

Reminder: 1 barn = 10-24 cm2 

and femto = 10-15  
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INTRODUCTION (10/35) 
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  Power radiated by a 
par t ic le (due to 
bending) 

€ 

P⊥ =
q2 c β 4 Etotal

4

6 π ε0 ρcurv
2 Erest

4

Particle rest energy Curvature radius 
of the dipoles 

Particle total energy 

  Energy radiated in one ring revolution 

  Average (over the ring circumference) power radiation 

€ 

U0 =
q2 β 3 Etotal

4

3ε0 Erest
4 ρcurv

Revolution period 

SYNCHROTRON RADIATION 
Relativistic  

velocity factor 
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INTRODUCTION (11/35) 
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LEP LHC 

ρcurv [m] 3096.175 2803.95 

p0 [GeV/c] 104 7000 

U0 3.3 GeV 6.7 keV 

The RF system had  
therefore to compensate for 
an energy lost of ~3% of the 
total beam energy per turn! 

The total average (over the 
ring circumference) power 

radiation (per beam) is 3.9 kW 
(2808 bunches of 1.15 1011 

protons)  
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INTRODUCTION (12/35) 

13 

  LHC is the 1st proton storage ring for which synchrotron 
radiation becomes a noticeable effect => It gives rise to a 
significant heat load at top energy, which is intercepted by a 
beam screen at an elevated temperature of 5-20 K 

Slots cut along its length  
(to reduce the “impedance”) 

to allow proper vacuum 
pumping  
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C = 2 π R

€ 

v = β c = RΩ0

€ 

Ω0 = 2π f0 =
2π
T0

INTRODUCTION (13/35) 

ACCELERATOR MODEL 

Sometimes        will also be used in the course 

€ 

υ
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€ 

d2x
ds2

+
Qx0

R
 

 
 

 

 
 
2

x =
Fx

pert

β 2 Etotal

  Transverse equation of motion 

€ 

βx s( ) = Constant = < βx >

€ 

d2x
dt 2

+ωx0
2 x =

Fx
pert

γ m0

€ 

′ x = px

€ 

′ p x =
Fx

β 2 Etotal

€ 

Fx
ext

β 2 Etotal

= − Kx s( ) x

€ 

1
2
βx ′ ′ β x −

1
4

′ β x
2 +Kx s( )βx2 =1

•  Smooth approximation 

=> 

€ 

< βx > =
1
Kx

=
R
Qx0

€ 

µx s( ) =
dt

βx t( )0

s

∫

€ 

Qx0 =
µx C( )
2π

€ 

Fx = Fx
ext + Fx

pert

€ 

Qx0 =
ωx0

Ω0

INTRODUCTION (14/35) 



Elias Métral, USPAS2009 course, Albuquerque, USA, June 22-26, 2009                                                                                                                                                                /36 16 

€ 

η =
1
γ t
2 −

1
γ 2

  Longitudinal equation of motion 

€ 

d2z
ds2

+
Qs0

R
 

 
 

 

 
 
2

z = −η
Fz

pert

β 2 Etotal

€ 

d2z
dt 2

+ωs0
2 z = −η

Fz
pert

γ m0

€ 

V = ˆ V RF sinφRF t( )

€ 

φRF t( ) =ωRF t + φs

€ 

′ z = −η δ

€ 

′ δ =
Fz

β 2 Etotal

€ 

Fz
ext

β 2 Etotal

=
1
η
Kz s( ) z =

1
η

Qs0

R
 

 
 

 

 
 
2

z

€ 

Fz = Fz
ext + Fz

pert

€ 

δ =
Δp
p

€ 

Qs0 = −
e ˆ V RF h η cosφs

2π β 2 Etotal

 

 
 

 

 
 

1/ 2

INTRODUCTION (15/35) 

€ 

Qs0 =
ωs0

Ω0
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  Phase space coordinates 
Transverse Longitudinal 

€ 

ppsc = −
η C
2πQs

δ

€ 

qpsc = z

  Polar coordinates 

Transverse Longitudinal 

€ 

η C
2πQs

δ = rz sinφz

€ 

z = rz cosφz

€ 

px = −
Qx

R
rx sinφx

€ 

x = rx cosφx

€ 

φz =
2πQs

C
s + φz0

€ 

φx =
2πQx

C
s + φx0

€ 

ppsc =
R
Qx

px

€ 

qpsc = x

€ 

qpsc = r cosφ

€ 

ppsc = − r sinφ

€ 

˙ q psc =
∂H
∂ ppsc

€ 

˙ p psc = −
∂H
∂qpsc

Hamiltonian 
INTRODUCTION (16/35) 
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Courtesy of A.W. Chao 

Horizontal Vertical 

Long i tud ina l , 
bunched beam, 
below transition 

L o n g i t u d i n a l , 
unbunched beam, 
below transition 

Long i tud ina l , 
bunched beam, 
above transition 

L o n g i t u d i n a l , 
unbunched beam, 
above transition 

INTRODUCTION (17/35) 
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€ 

β =
v
c

€ 

γ =
Etotal

Erest

=
m
m0

=
1
1− β 2

  

€ 

 p = m  v 

€ 

Etotal
2 = Erest

2 + p2 c 2

€ 

Erest = m0 c
2

  

€ 

d  p 
d t

=
 
F = e

 
E +  v ×

 
B ( )

For a particle 
of charge e 

REMINDERS: (1) RELATIVISTIC EQUATIONS 

INTRODUCTION (18/35) 
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  Cartesian (x,y,s)   Cylindrical (r,θ,s) 

  

€ 

 
F = e

 
E +  v ×

 
B ( )

€ 

Fx = e Ex − v By( )

€ 

Fy = e Ey + v Bx( )

€ 

Fs = e Es
€ 

Fr = e Er − v Bϑ( )

€ 

Fϑ = e Eϑ + v Br( )

€ 

Fs = e Es

(2) LORENTZ FORCE 

INTRODUCTION (19/35) 
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x 

y 

s 
O 

x’ 

y’ 

O s’ 

  

€ 

 v 
Velocity of R’ 

with respect to R 

R = (0,x,y,s) 
R’ = (0,x’,y’,s’) 

€ 

x = x'

€ 

y = y'

€ 

s = γ s' + v t'( )

€ 

t = γ
v
c 2
s' + t'

 

 
 

 

 
 

  Length contraction (in R) 

  Time dilatation (in R) 

€ 

d s =
d s'
γ

for 

€ 

d t = 0

€ 

d t = γ d t' for 

€ 

d s' = 0

INTRODUCTION (20/35) 

(3) LORENTZ TRANSFORM 
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€ 

rot
 
H =
 
J + ε ∂

 
E 
∂ t

  

€ 

rot
 
E = − µ

∂
 
H 
∂ t

  

€ 

div
 
H = 0

  

€ 

div
 
E = ρ

ε

with 

  Differential forms   Integral forms 

  

€ 

div
 
E ∫∫∫ dV =

 
E . d
 
S ∫∫ =

1
ε

ρ∫∫∫ dV

  

€ 

rot
 
E . d
 
S ∫∫ =

 
E . d s ∫ = − µ

∂
 
H 
∂ t
. d
 
S ∫∫

  

€ 

 
J = ρv + σ

 
E 

  

€ 

div
 
H ∫∫∫ dV =

 
H . d
 
S ∫∫ = 0

  

€ 

rot
 
H . d
 
S ∫∫ =

 
H . d s ∫ =

 
J . d
 
S ∫∫ + ε

∂
 
E 
∂ t
. d
 
S ∫∫

Gauss’s law for 
electric charge 

Gauss’s law for 
magnetic charge 

Faraday’s  
and Lenz law 

Ampere’s  
law 

Maxwell equations valid  
in homogeneous, isotropic, 

continuous media 

INTRODUCTION (21/35) (4) MAXWELL EQUATIONS 

  

€ 

 
D = ε

 
E 
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(5) NABLA, GRAD, ROT, DIV and LAPLACIAN OPERATORS 

23 

  Cartesian (x,y,s)   Cylindrical (r,θ,s) 

€ 

Δ ρ =
1
r
∂
∂ r

r ∂ρ
∂ r

 

 
 

 

 
 +

1
r2
∂2ρ
∂θ 2

+
∂2ρ
∂s2

€ 

grad ρ =

∂ρ
∂r

1
r

∂ρ
∂ϑ

 

 
 

 

 
 

∂ρ
∂s

€ 

grad ρ ≡ ∇ ρ =

∂ρ
∂x
∂ρ
∂y
∂ρ
∂s

  

€ 

rot
 
E =

1
r

∂Es

∂ϑ

 

 
 

 

 
 −

∂Eθ

∂s
∂Er

∂ s
−
∂Es

∂r
1
r

∂ r Eθ( )
∂ r

−
∂Er

∂θ

 

 
 

 

 
 

  

€ 

rot
 
E ≡
 
∇ ×
 
E =

∂Es

∂ y
−
∂Ey

∂s
∂Ex

∂ s
−
∂Es

∂x
∂Ey

∂ x
−
∂Ex

∂y

€ 

Δ ρ ≡ ∇2ρ = Laplacian operator

=
∂2ρ
∂x 2 +

∂2ρ
∂y 2 +

∂2ρ
∂s2

  

€ 

div
 
E ≡
 
∇ .
 
E = ∂Ex

∂ x
+
∂Ey

∂ y
+
∂Es

∂ s
  

€ 

div
 
E = 1

r
∂
∂ r

r Er( ) +
1
r
∂ Eθ

∂θ
+
∂ Es

∂s

€ 

∇ ≡

∂
∂x
∂
∂y
∂
∂s

€ 

∇ ≡

∂
∂r

1
r

∂
∂ϑ

 

 
 

 

 
 

∂
∂sAlso noted  

  

€ 

curl E or
 
∇ ∧E

INTRODUCTION (22/35) 
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 Consider a surface separating two media “1” and “2”. The following 
boundary conditions can be derived from Maxwell equations for the 
normal (⊥) and parallel (//) components of the fields at the surface 

(1) 

(2) 

24 

INTRODUCTION (23/35) 

(6) GENERAL FIELD MATCHING CONDITIONS 
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A 

B C 

a 

b c 

€ 

a2 = b2 + c 2 − 2 b c cosA

€ 

b2 = a2 + c 2 − 2 a c cosB

€ 

c 2 = a2 + b2 − 2 a b cosC

€ 

2 R =
a

sinA
=

b
sinB

=
c

sinC

Radius of the 
circumscribed 

circle 

€ 

S =
a b sinC
2

=
a c sinB
2

=
b c sinA
2

(7) RELATIONS IN A TRIANGLE 

INTRODUCTION (24/35) 
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€ 

A = π xmax ′ x x = 0 = π xx'= 0 ′ x max
€ 

xmax

€ 

′ x x = 0

€ 

x ′ x = 0

€ 

′ x max

General relation in an ellipse 

(8) RELATIONS IN AN ELLIPSE: Example of the phase space ellipse 
in Transverse Beam dynamics 

INTRODUCTION (25/35) 



Elias Métral, USPAS2009 course, Albuquerque, USA, June 22-26, 2009                                                                                                                                                                /36 27 

  Gaussian distribution 

€ 

λ s( ) =
q
2π σ s

e
−

s2

2σ s
2

  Parabolic distribution 

€ 

1
n2

=
π 2

6n=1

∞

∑    

€ 

−1( )n+1

n2
=
π 2

12n=1

∞

∑    

€ 

ds
a2 + s( )3 / 2 b2 + s( )1/ 2s= 0

∞

∫ =
2

a a + b( )    

€ 

ds
a2 + s( )5 / 2 b2 + s( )1/ 2s= 0

∞

∫ =
2 2a + b( )
3a3 a + b( )2

    

€ 

ds
a2 + s( )2s= 0

∞

∫ =
1
a2    

€ 

ds
a2 + s( )3s= 0

∞

∫ =
1
2a4    

€ 

ds
a2 + s( )4s= 0

∞

∫ =
1
3a6    

€ 

ds
a2 + s( )5s= 0

∞

∫ =
1
4 a8    

INTRODUCTION (26/35) (9) USEFUL RELATIONS 

€ 

λ s( ) =
3 q
2L

1− 2 s
L

 

 
 

 

 
 
2 

 
 

 

 
 

€ 

′ x =
dx
ds

    

€ 

˙ x = dx
dt
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€ 

ds
a2 + s( )3 / 2 b2 + s( )3 / 2s= 0

∞

∫ =
2

ab a + b( )2
    

  

€ 

 
∇ .
 
A ×
 
B ( ) =

 
B .
 
∇ ×
 
A ( ) −

 
A .
 
∇ ×
 
B ( )    

  

€ 

 
∇ ×

 
A ×
 
B ( ) =

 
A 
 
∇ .
 
B ( ) −

 
B .
 
∇ .
 
A ( )+

 
B .
 
∇ ( )
 
A −

 
A .
 
∇ ( )
 
B     

€ 

′ J n y( ) =
n
y

Jn y( ) − Jn +1 y( )

€ 

′ N n y( ) =
n
y

Nn y( ) − Nn +1 y( )    

INTRODUCTION (27/35) 

    

€ 

Jα y( ) ′ N α y( ) − ′ J α y( ) Nα y( ) =
2
π y

    

€ 

T δp ϑ( ) = T δ ϑ −kT( )
k= −∞

k= +∞

∑ = e
j m 2π ϑ

T

m= −∞

m= +∞

∑

    

€ 

δ m 0 =
1 if m = 0
0 if m ≠ 0
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€ 

e− j u ˆ τ i cos ω s t + ψ i( ) = j−m Jm u ˆ τ i( ) e j m ω s t + ψ i( )

m= −∞

m= +∞

∑

€ 

Jm
2 a x( ) x dx

0

X

∫ =
X 2

2
′ J m a X( )[ ] 2 +

1
2

X 2 −
m2

a2
 

 
 

 

 
 Jm

2 a X( )

€ 

x Jm a x( )
0

X

∫ Jm b x( )dx =
X

a2 − b2
aJm b X( )Jm+1 a X( ) −bJm a X( )Jm+1 b X( )[ ]

   

   

INTRODUCTION (28/35) 

€ 

Erf x[ ] =
2
π

e − t
2

dt
0

x

∫    

€ 

sin2θ =
1
2
−
cos2θ
2

    

€ 

sin3θ =
3
4
sinθ − 1

4
sin3θ

€ 

sin4 θ =
3
8
−
1
2
cos2θ +

1
8
cos4θ

€ 

sin5θ =
5
8
sinθ − 5

16
sin3θ +

1
16
sin5θ

€ 

δ u − 2kπ
Ω0

 

 
 

 

 
 

k= −∞

k= +∞

∑ =
Ω0

2π
e j kΩ0 u

k= −∞

k= +∞

∑    
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INTRODUCTION (29/35) 

€ 

sin6θ =
5
16

−
15
32
cos2θ +

3
16
cos4θ − 1

32
cos6θ

€ 

sin7θ =
35
64
sinθ − 21

64
sin3θ +

7
64
sin5θ − 1

64
sin7θ

€ 

cos2θ =
1
2

+
cos2θ
2

€ 

cos3θ =
3
4
cosθ +

1
4
cos3θ

€ 

cos4 θ =
3
8

+
1
2
cos2θ +

1
8
cos4θ

€ 

cos5θ =
5
8
cosθ +

5
16
cos3θ +

1
16
cos5θ

€ 

cos6θ =
5
16

+
15
32
cos2θ +

3
16
cos4θ +

1
32
cos6θ

€ 

cos7θ =
35
64
cosθ +

21
64
cos3θ +

7
64
cos5θ +

1
64
cos7θ

    

€ 

cos arctan x( ) =
1
1+ x 2

€ 

sin arctan x( ) =
x

1+ x 2

€ 

ω Jm ω ˆ τ i( ) Jm ω ˆ ′ τ i( ) dω
ω = −∞

ω = +∞

∫ =
2
ˆ τ i
δ ˆ τ i − ˆ ′ τ i( )
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INTRODUCTION (30/35) 

    

€ 

δ s−υ t( ) =
dω
2π

e jω t e − j k s

υ

 

 
 

 

 
 

−∞

+∞

∫

€ 

′ K 1 x2( )
K1 x2( )

=
−
1
x2

if x2 <<1

− 1 if x2 >> 1
    

    

€ 

δ t( ) =
dω
2π

e jω t

−∞

+∞

∫

    

€ 

δ ω( ) = e − jω t dt
−∞

+∞

∫

    

€ 

υ δ υ t( ) = δ t( )

    

€ 

δ − t( ) = δ t( )

€ 

ˆ f ω( ) = f t( ) e − jω t dt
−∞

+∞

∫

€ 

f t( ) =
1

2π
ˆ f ω( ) e jω t dt

−∞

+∞

∫

€ 

e a t cos p t( )∫ dt =
ea t a cos p t( ) + p sin p t( )[ ]

a2 + p2

€ 

e a t sin p t( )∫ dt =
ea t a sin p t( ) − p cos p t( )[ ]

a2 + p2
€ 

e − a t cos m t( )
0

∞

∫ dt =
a

a2 + m2 if a > 0

€ 

e − a t sin m t( )
0

∞

∫ dt =
m

a2 + m2 if a > 0

€ 

′ δ z( ) =
′ δ t( )
υ 2

    

€ 

z = s −υ t

   

    

€ 

FT ′ δ t( )[ ] = − j ω

€ 

′ I 1 x( ) K1 x( ) − I1 x( ) ′ K 1 x( ) =
1
x
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INTRODUCTION (31/35) 
  The trick of the Principal Value (P.V.) of an integral (cf. Chao) is to 

utilize the property that the divergence on both sides are of opposite 
signs and, if the integration is taken symmetrically about the 
singularity so that the divergence on the 2 sides cancel each other, 
the integral is actually well defined 

€ 

P.V. dx
f x( )
x − a−∞

+∞

∫ = du
f a + u( ) − f a − u( )

u0

+∞

∫

€ 

lim
t→+∞

sin u t( )
u

= π δ u( )

€ 

lim
t→+∞

1− cos u t( )
u

= P.V. 1
u
 

 
 
 

 
 

€ 

lim
t→+∞

sin2 u t /2( )
u2

=
π t
2
δ u( )

    
  MKSA units are used, whereas for 

instance CGS units are used in 
Chao’s book => Conversion from 
CGS to MKSA 

  The engineer convention is also 
adopted (   ) instead of the 
physicist’s one (             ) 

€ 

4π
c

= Z0 =120π Ω

€ 

e2

m0 c
2 = r0 = Classical radius of the particle

€ 

e jω t

€ 

e − iω t
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(10) Units of physical quantities 

INTRODUCTION (32/35) 
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INTRODUCTION (33/35) (11) Fundamental physical constants 
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